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COMMUTING FULLY INVARIANT CONGRUENCES ON
FREE COMPLETELY REGULAR SEMIGROUPS

F. PASTIIN

ABSTRACT. We show that “almost all” fully invariant congruences on every free
completely regular semigroup commute. From this it is shown that the lattice
of completely regular semigroup varieties is arguesian.

1. INTRODUCTION AND SUMMARY

A completely regular semigroup is a semigroup which is a union of groups.
If S is a completely regular semigroup and a € S, then a belongs to a unique
maximal subgroup H, of §; we denote by a° the identity element of H  and

by a”' the inverse of a in H_ . Obviously a completely regular semigroup can

be viewed as an algebra of type (2, 1), where ~! is the unary operation. Com-
pletely regular semigroups satisfy, apart from the associative law, the identities

(1) (x ) =x, xx 'l =x""x, xx 'x=x.

Conversely, if S belongs to the variety CR consisting of the algebras of type
(2, 1) satisfying the associative law and the identities (1), then S is a com-
pletely regular semigroup and for a € S, a”' is the inverse of a within the
maximal subgroup of S to which a belongs. We shall therefore consider the
class of completely regular semigroups to be a variety of algebras of type (2, 1)
satisfying the associative law and the identities (1). In the presence of the iden-
tities (1) we shall use the notation x* = xx"'=x""'x. We denote by U the
variety of algebras of type (2, 1) where the associative law holds. The algebras
of U will be called unary semigroups. Thus, CR is a subvariety of U.

A band is a semigroup in which every element is an idempotent. Thus a
band is a union of trivial groups and the class of bands is a subvariety B of
CR consisting of the unary semigroups satisfying, apart from the associative
law, the identities

-1

(2) =x, x'=x.

The class SL of commutative bands forms a subvariety of B and a member of
SL will be called a semilattice. The variety CS of completely simple semigroups
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is the subvariety of CR consisting of the completely regular semigroups which
satisfy the additional identity

(3) ()cy)c)O =x°.

The variety G of groups is the subvariety of CS which satisfies the additional
identity

(4) ¥ =y0.
An identity p = g of type (2, 1) will be called regular if the set of variables
which occur in p coincides with the set of variables which occur in g. One
can easily show that a subvariety V of CR contains SL if and only if every
identity satisfied by all the members of V is regular. If all the members of V
satisfy some nonregular identity, then SL € V and it now easily follows from
[14, IV.2] that V C CS. In other words, the lattice Z(CR) of subvarieties of
CR is the disjoint union of the two intervals [T, CS] and [SL, CR], T being
the least element of .#(CR).

Let X be a countable set and F,(U) the free unary semigroup on X . If
V is a subvariety of U then the least congruence p on F,(CR), such that
F,(U)/p €V is a fully invariant congruence of F,(U), which will be denoted
by py . If p is a fully invariant congruence on F,(U), then the variety gener-
ated by F,(U)/p will be denoted by V e For any completely regular semigroup
S, let C(S) be the lattice of fully invariant congruences on S. Let us denote
by [pcg) the dual ideal of C(F,(U)) generated by pcg . It is well known that

(5) Z(CR) = [pcg) > V—opy,
and
(6) [pcr) — Z(CR), p—V,,

are mutually inverse dual isomorphisms. From the above it now follows that
[pcg) 1s the disjoint union of the two intervals [p.g, pr] and [peg, Pg]-

In this paper we shall show that for every completely simple semigroup S,
C(S) is a lattice of commuting congruences. As a consequence the interval
[pcs» pr] is a lattice of commuting congruences. We shall also show that the
interval [pcg» Pg] 1s a lattice of commuting congruences. Thus [peg, Pg ]
and [pg, py] are linear in the sense of [6]. However, as we shall show, it
is not true that every element of [p.q, pr] commutes with every element of
[Pcr> Ps]- Nevertheless the above results together with the fact that SL is
a neutral element in Z(CR) [7] entail that .Z(CR) is arguesian by [9]. In
particular, .#(CR) is modular. The same result is obtained in [12], the proof
of which is based on the more involved main theorem of [17].

In the following we shall use without further notice the terminology, notation
and basic results of [3, 14, 15].



COMMUTING FULLY INVARIANT CONGRUENCES 81

2. THE FULLY INVARIANT CONGRUENCES ON F, (CR) DO NOT COMMUTE

If V is any subvariety of CR, then we can identify F,(U)/p, with the free
object F, (V) in V on the set X . Thus the elements of F, (V) are of the
form upy, u € F,(U). In order to avoid this cumbersome notation we shall
write u instead of up, . We recall that for any u € F, (V) the subgroup (u)
generated by u consists of the elements ", n € Z; the notation u", n € Z, is
now perfectly unambiguous.

We start with the negative result announced above. The following was sug-
gested to us by M. V. Volkov.

Proposition 1. Ler 1 and 1y be the least group and the least semilattice con-
gruence on F,(CR). Then 101y # Tg 07 -

Proof. Let x and y be different elements of X . Then
0 0 n
X ToV TgLV
for every n e Z gives (y) C xO(rG 0 Tg; ). On the other hand XOTSL = (x) and
x" 1, y" & m=n=0 imply that
0 0
<y> nx (TSLOTG) = {y }
Hence
0 0
X (tgotg) # X (Tg 0 7g)
and 7 and tg; do not commute.

Since pg € [pes»> Prl and pg € [pegs Pg] the foregoing implies that the
fully invariant congruences in [p.q, py] do not necessarily commute with the
fully invariant congruences of [pg, Pg]-

3. FULLY INVARIANT CONGRUENCES ON COMPLETELY
SIMPLE SEMIGROUPS COMMUTE

Let S be a completely regular semigroup and p a congruence relation on
S'. The set of idempotents of .S will be denoted by E(S). Then

trp=pn(E(S)x E(S))
and
kerp={ace Slapao}.
For congruences p and 8 on S we put
p K 6 & kerp =kerf.
Proposition 2. For congruences p and 0 on a completely regular semigroup S
we have

1) pKOespnZ =0n7.
(i) (pNZ)VONZ)NF =(pNF)o(ONZ)=(0NF)o(pNF).
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Proof. (i) Since a”#Z a’® for every a € § we have that
kerp ={aeS|a(pn#)a’},

hence

(7 pNZ =0NAZ = kerp =kerf.

Let a,b € S such that a#b and ab™' € ker p. Then ab_]p(ab_l)0 =
a” = b° so that
a=ab’=ab”'bpb’b=b

and a(pNAZ)b. Therefore
kerp=ker0=pnNnZ =60nNZ

and this in combination with (7) yields (i).
(ii) If ¢ € S such that a(pN.#) c (N#)b then

c_lb(Hﬂ/”’/)bO = ao, ac_'(pﬂ;?)ao = bO;

thus a(0 N#)ac ' b(pnN#)b and so (pNF)o(BNF)C(ONF)o(pNF).
By symmetry the equality

(8) (pNA Vo (6N )=(0NF)o(pNZ)

prevails. It goes without saying that (8) is the join (pNZ )V (0NZ) of pNAZ
and 6 N in the lattice Eq(S) of equivalences on S. Hence

9) (pNZ)o(0NF)C (pNZ)V(ONZ)NF

is obviously satisfied.

For every a € §, D, is a completely simple semigroup and so pN (D, x D,)
and 6N (D, x D,) are congruences on D, . From the description of the lattice
of congruences on a completely simple semigroup [3, 10.7] it follows that for
any #-class H contained in D,

(pN(Hx H)V(0Nn(Hx H))
=({(pn(D,xD,))V(ONn(D,xD,)))N(HxH).

Hence, putting
(10) y=JWpn(D,xD))V(On(D,xD,)),

acs
we have that

yNZ =(pNZYWNONZ)=(pNZ)o(NF)

=0NZ)o(pNZ)

in the lattice Eq(S). It now suffices to show that y = (pNZ) Vv (NY) in the

lattice of congruences on S. For this it suffices to show that the equivalence y
of (10) is actually a congruence on S.



COMMUTING FULLY INVARIANT CONGRUENCES 83

Let ayb for some a, b € S. Then there exists a positive integer # and
dy,...,d, € D=D,= D, such that

a=dy(pn(DxD))d, (8N (DxD)---d, , (6n(DxD))d,=b.

n

For ce S and D' =D, =D, we then have
ac=dyc (pn(D'xD"))dc---d,_,c(@n(D xD"))d,c=bc,

whence ac y bc. A dual argument shows that ca y cb. Thus, y is a congruence

and (ii) holds.

Proposition 3. Let p and 0 be congruences on the completely regular semigroup
S such that p,0 C Z . If trp and tr@ commute, then pof = 6o p. In
particular, if trp Ctr@, then pof =0op.

Proof. Let a, b, c € S such that afcpb. Then a6 cop b° and since trp
commutes with tr 8, we find that aop d° 6 b° for some d € S. Since p,0CY
we have that the elements a, b, ¢, d are Z-related in S, and consequently
also that

d’ad’(pvO)n#)d°b d°.

Using Proposition 2, we know that there exists an element ¢ € .S such that
dad’ (pn#)e@n#)dh d°.
Therefore
a=da aopdoa dopeﬁdob Ao’ b’ =b.
We proved that 6o p C po 6. By symmetry the equality prevails.

Theorem 4. The fully invariant congruences on a completely simple semigroup
commute.
Proof. Let S be a completely simple semigroup and p a fully invariant con-
gruence on S. For e, f € .S, the mapping
¢p:S— S, a—a ifaZe,
a— (af)o otherwise

is an endomorphism of S. From this it follows that either

(pNZ)N(E(S) x E(S)) is the equality on E(S)
or

(pNZ)N(E(S)x E(S)) =F N(E(S) x E(S)).
From this and its dual we have that the following four possibilities may occur:
either

) trp is the equality on E(S),
(il) trp=ZLnN(E(S)x E(S)),
i) trp=ZnN(E(S) x E(S)), or

) trp=FE(S)x E(S).
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Now let p and 6 be fully invariant congruences on S. If trp C trf or
trf Ctrp then po 6 = 6o p by Proposition 3. If this is not the case, then we
can assume without loss of generality that trp = £ N(E(S) x E(S)) and trf =
FZN(ES)x E(S)). Then pC.¥ and § C % sothat pof =60p by[l10].

Corollary 5. The sublattice [prg, py] of the lattice C(F(U)) of fully invariant
congruences on F, (U) consists of commuting congruences. The lattice £ (CS)
of subvarieties of CS is arguesian.

Proof. Let F,(CS) be the free completely simple semigroup on the set X .
We may identify F,(CS) with F,(U)/p.g. By Theorem 4 the fully invariant
congruences on F,(CS) commute. The mapping

[pcsa pT] — C(FX(CS)), p— p/pCS,

is an isomorphism of lattices and we infer that the congruences in [pg, Py]
commute. Since .Z(CS) is dually isomorphic with [p.g, py] we have that
Z(CS) is arguesian.

From the above it follows that .Z(CS) is modular. This result was also
proved in [7].

4. .Z(CR) IS ARGUESIAN

The free unary semigroup F,(U) can be considered to be a subset of the
free monoid M on the set X U {(, )"}, For u e F,(U) with 4 = vw in
M we say that v is an initial segment of ¥ and w is a final segment of u.
We then denote by © and w the elements of M which are obtained from v
and w by deleting all unmatched parentheses. Further c(u), called the content
of u, is the set of all variables from X which occur in u. For u € M and
lc(u)] > 1 we put s(u) = 0, where v is the largest initial segment of u« such
that |c(v)| = |c(u)] — 1, and we define §(u) by

cu)\e(s(u)) = {s(u)}.

Dually d(u) = w0 , where w is the largest final segment of # such that |c(w)| =
lc(u)| — 1, and we define d(u) by

c(u)\c(d(u)) = {d(u)}.

If u e M with c¢(u) < 1, then we assume s(u) = d(u) to be the identity
A of M . The transformations s and 4 generate a subsemigroup of the full
transformation semigroup on M ; this subsemigroup may be identified with the
free semigroup F on {s,d}. Hence for f € Fandu € M, f(u) is a well-
defined element of A ; in fact, either f(u) € F,(U) or f(u)=4. For feF
we denote by /(f) the length of f.

The following is a reformulation of the solution of the word problem for the

free band F,(B) (see, e.g., [8]).
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Theorem 6. For u, v € F (U),

upgv < c(u) = c(v) and c(f(u)) = c(f(v))
for every f € F with £(f) < |c(u)].

For a fully invariant congruence p on F,(U) we define p, and p, on
F,(U) by the following. For a, b € F,(U) we have

apybeupv, a=s(u), b=s(v)for some u, v e F,(U),
ap,beupv, a=d(u), b=d(v) for some u, v € F,(U).

Proposition 7. Let p be a fully invariant congruence on F,(U) such that pqp C
p C pg. Then p, and p, are fully invariant congruences on F,(U) such that

(11) Pcr € Py S pg and peg S P C Py

and p, [resp. p,] is the greatest fully invariant congruence on F(U) such that
po/p [resp. p,/p] is contained in the %- [resp. -] relation on F,(U)/p.

Proof. That p, C py and p, C pp follow immediately from Theorem 6 and the
definitions of p, and p,. The remaining statements now follow from Lemma
7 of [12] and the results of [13] (see also [11]).

Proposition 8. The fully invariant congruences in the sublattice [pcg. pgl of
C(Fy(U)) commute.

Proof. For k a positive integer we may consider the statement (S,): If p, 6 €
[Pcr» PRl and u, v, w € F,(U) such that upv6w and |c(u)] = k, then
there exists ¢ € F(U) such that ufzpw.

It suffices to prove (S,) for every k. We give a proof by induction on k.

Let u,v,w € F,(U) and p, 60 € [pcg, pg] such that u p v 6 w and
lc(u)] = 1. Since p C pg; and 6 C pg; we have that c(u) = c(v) = c(w) = {x}
for some x € X and p/p.g and 6/pp induce congruences on the maxi-
mal group (x) of F,(CR). Since group congruences commute we have from
U p/peg vV 0/pcg w that u 6/p.p t p/peg w for some ¢ € F,(U) with
c(t)={x}. Hence u 6t pw and (S,) is satisfied.

We now assume that k > 1 and that (S,) is satisfied whenever r < k.
Assume that for u, v, w € Fy(U) and p, 6 € [pcg, pg]l we have u p v 0 w
and |c(u)| = k. Again c(u) = c(v) = c(w). Obviously

(12) s(u) po S(v) 6, s(w)
with p,, 6, € [pcg> pg]l by Proposition 7. By the induction hypothesis there
exists p € F,(U) such that

(13) s(u) Oy p py s(w).

From p, C pg; and 6, C pg, it follows that
c(s(u)) = c(p) = c(s(w))

and so

(14) S(u) =35(w)=x
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for some x € X . From (13) it now follows that

(15) (s)x)* Oy/Peg (0X)” Pyl Peg (s(w)x)’

in F,(CR). In a dual way we can show that there exists ¢ € F,(U) such that
(16) du) b, q p, d(w)

and fora y € X we must have

(17) du)=dw)=y.

From (16) we then have

(18) (vd(1) 0,/peg (v0)" P,/ Peg (vd(w))
By Theorem 5.4 of [2] we have that

(s(u)x)’Fu, (s(w)x)'Fw,
(vd@)’Zu.  (vd(w)’Zw

in F,(CR). From Proposition 7 we have from (15) and (18) that

0

(19)

(20) (s()x)’Z(px)°,  (vdw)’Z(vq)
in F,(U)/6. Therefore, using (19) and (20) we find that in F,(CR) we have
“utvd())’ 8/ peg (0x) u(va)’ .

Similarly we can show from (15) and (18) that

(21) u = (s(u)x)

(22) w = (s(w)x) w(ydw))’ p/peg X)W (ra)’
in F,(CR). By Theorem 5.4 of 2]

(23) () u(yq)’ 7 (px)"w(yq)"

in F,(CR) and by (21), (22) and the fact that u p/pcg v 0/pcg w we also
find that

(24) px)°u(ra)’ (p/peg) v (0] peg)) (px) w(va)’

in F,(CR). From (23), (24), Proposition 2(ii) and the fact that both p/pqg
and 0/p.g are contained in the Z-relation pg; /pg of F(CR) we obain that

0

(25) (p)"u(va)’ ((0/peg) © (p/pcr)) (pX) w(ya)”,
hence there exists 7 € F, (U) such that

(26) (0x) u(y0)” 0/peg t P/pcy (pX) W (ra)"
in F,(CR). From (21), (22) and (26) we thus have

UO/per t P/Pcg W
in F,(CR) and thus u 6 t p w in F,(U). The statement (S, ) follows.
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By the induction hypothesis the statement (S,) holds true for every k > 1
and the proof is complete.

For u € F,(U) define
hu) =57 wy),  tw) =dd ™ wy),

in other words, /(u) and t(u) are respectively the first and the last letters which
appear in u.
In the following LNB stands for the variety of all left normal bands.

Proposition 9. Let p be a fully invariant congruence on F,(U) such that p €
[Pcr> Psi]- Then

(1) if py € pgy.. then py is a fully invariant congruence on F,(U) such that
p C p, and p, is the greatest congruence on F,(U) such that p/p is contained
in the %-relation on F,(U)/p,

(1) if py € pgy, and

upv=hu)=hw)

Jorall u,veFy(U), then p,Npg = pyng ANd pyng/P IS the F-relation on
Fy(U)/p,

(i) if py € pg, and u p v with h(u) # h(v) for some u, v € F(U), then
Py N Pgy = Psy. and pgy /p is the F-relation on F,(U)/p.
Proof. The proof follows immediately from Lemmas 5 and 6 of [16], Lemmas
6 and 7 of [12] and the results of [13] (see also [11]).

The variety of right normal bands will be denoted by RNB, the variety of
normal bands by NB.
The following result is well known.

Proposition 10. For u, v € F,(U) we have
Upag Ve clu)=c), h(u)=nh
UppgVecu)=cw), hu)=hw), tu) =twv).
Proof. See, e.g., I1.3 of [15].
Lemma 11. Let p and 6 be fully invariant congruences on F,(U) such that
p,0€[pcr> Ps ] and u p v 8 w for some u, v, w € F,(U) with t(u) # t(v)
and h(u) # h(v) or h(v) # h(w). Then there exists t € F,(U) such that
ubtpw.

Proof. Assume first that A(u) # h(v) and t(u) # t(v). By Proposition 10 we
have trp/pcg = trpg/Pcg - thus trp/peg € tré/peg. By Proposition 3 it
follows that pof = 6o p and so there existsa 1€ F,(U) with u 6t pw.

Assume next that A(v) # h(w) and t(u) # t(v). Since h(v) # h(w) then
from Proposition 9(iii) we have that u 6/pq, w°u . Since t(u) # t(v) we have
from the dual of Proposition 9(iii) that wul® p/Pcg w . Invoking Theorem 5.4
of [2] we can thus write

U0/ peg Wit (((p/Peg) v (0 peg)) NZ) Wit plpeg .
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By Proposition 2(ii) there exists ¢ € F, (U) such that

0 0
UOl/peg W ub/pegt p/Pcg WU P/Peg W,

whence u 6t pw.

Lemma 12. Let p and 6 be fully invariant congruences on F,(U) such that

p,0€lper> Ps ] and u pv 6 w for some u, v, w € F,(U) with 5(u) # 5(v)
and d(u) # d(v). Then there exists t € F,(U) such that u 6t pw.

Proof. Since §(u) # §(v) we have that c(s(u)) # c(s(v)), thus p, € pg -
By Proposition 9 we then have that p \g/p or pg /p is the F-relation on
F,(U)/p. Dually, ppng/p Or pg /p is the Z-relation on F,(U)/p.

Case 1. h(u) = h(v) = h(w), t(u)=t(w). Using Proposition 10 we have that
W w in F,(U)/p, whence

00
w p/peg 4 wu (((p/peg) vV (0/peg)) NZ) u
and by Proposition 2(ii) there exists a ¢ € F,(U) with

0 0
W p/Peg ¥ WU p/Pcp t O] Pcg U5
therefore w pt 0 u.

Case 2. h(u) # h(v), t(u) = t(w). By Proposition 9(iii) we have that pg; /p
is the #-relation on F, (U)/p so that by Proposition 10 we have that WL Fw .
Further, t(u) = t(w) entails that W Fw in F,(U)/p by Proposition 10. We
thus obtain «’#w in F,(U)/p and we can proceed further as in Case 1.

Case3. h(v)# h(w), t(u) =t(w). Here pg, /6 is the F#-relationon F(U)/0,
so that w’Zu in F,(U)/6 . Further t(u) = t(w) gives wZu’ in F,(U)/p.
Hence
0 0

U 0/peg w'u (P Peg) V (0 pcp)) N #) Wit p/ peg w
and using Proposition 2(ii) we find a 1 € F(U) such that u 6 ¢ p w.
Case 4. h(u) = h(w), t(u) # t(w). The case h(u) = h(w), tu) # t(v)
deals with a situation which is the dual of Case 2, whereas the case A(u) =
h(w), t(v)# t(w) is the dual of Case 3.

Case 5. h(u) # h(w), t(u) # t(w). We can discern several cases all of which
are handled by Lemma 11.

Lemma 13. Let p and 6 be fully invariant congruences on F,(U) such that
P, 0€lpers pg) and u pv 0 w for some u, v, w € F,(U) with s(u) # 5(v)
and d(v) # d(w). Then there exists t € F,(U) such that u 6t p w.

Proof. Since 5(u) # §(v) we have that c(s(u)) # c(s(v)), thus p, € pg; . By
Proposition 9 we have that p,\z/p or pg; /p is the Z-relation on F,(U)/p.
In a dual way we have that ppyg/0 or pg /0 is the Z-relation on F(U)/6.
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Case 1. h(u) = h(v) = h(w), t(u) = t(w). Using Proposition 10 and its dual
we have that u.Zw’ in F,(U)/6 and WL Fw in F,(U)/p. Further, since
uw’ #Z ’w in F,(CR) by Proposition 5.4 of [2], we find that

0 0
ub/peg uw (((p/pcr) V(8/pcg)) NZ) uw p/peg w-
Applying Proposition 2(ii) we know that there exists ¢ € F,(U) with

0 0
u 0/pCR uw 0/pCR t p/pCRu w p/pCR w,
therefore u 6t p w.

Case 2. h(u) # h(v), t(u) = t(w). By Proposition 9(iii) we have that pg /p
is the #-relation on F,(U)/p so that by Proposition 10 u’Zw . Further,

t(u) = t(w) entails that uZw’ in F,(U)/6 by the dual of Proposition 10.
We can proceed further as in Case 1.

Case3. h(v) # h(w), t(u) = t(w). Here pg; /0 isthe F#-relationon F,(U)/0
so that w’#u in Fy(U)/6 . Further t(u) = t(w) gives w’Zu in F,(U)/6.
Hence

w0/ peg w'uw” (((p/peg) V (0/pcg) N ) w

and using Proposition 2(ii) we find a 1 € F(U) such that u 6t p w.

Case 4. h(u) = h(w), t(u) # t(w). The case h(u) = h(w), t(u) # t(v) is the
dual of Case 2, whereas the case h(u) = h(w), t(v) # t(w) is the dual of Case
3.

Case 5. h(u) # h(w), t(u) # t(w). We are reduced here to cases like the ones
handled by Lemma 11.

We are now ready for the main theorem of this section.

Theorem 14. The fully invariant congruences in the sublattice [pcg, pg] of
C(F,(U)) commute.

Proof. For k a positive integer we now consider the statement (7,): If p, 6 €
[Pcrs Psy) and u, v, w € F,(U) such that upv@w and |c(u)| = k, then
there exists 7 € F,(U) such that u6tpw.

It suffices to prove (7)) for every k. We give a proof by induction on k.
The proof for (7)) is the same as the proof for (§,) in the proof of Proposition
8.

We now assume that k > 1 and that (7,) is satisfied whenever r < k.

Assume that u, v, w € F,(U) and p, 0 € [pcg, pg] such that u p v 60 w
and [c(u)| = k. Obviously c(u) = c(v) = c(w) since p, 6 C pg; .

Case 1. 5(u) =5(v) =s(w), d(u) =d(v) =d(w). Then
(27) s(u) py s(v) Oy s(w), c(s(u) = c(s(v)) = c(s(w))
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so that

(28) s(u) (po N pgy) $(v) (63N pgyr) s(w)

where by Proposition 9 p, N pg;, 6, N pgp € [Pcgrs Ps]- By the induction
hypothesis there exists p € F,(U) such that

(29) $(u)(8y 1 psy) P (pg N pgy) S(w).
In a dual way we can show that there exists g € F, (U) such that
(30) d(u)(0, N pgy) 4 (p, N pgy) d(w).

The remainder of the proof is now similar to the proof of the induction step in
the proof of Proposition 8.

Case 2. 5(u) # s(v), d(u) = d(v) = d(w). Here c(s(u)) # c(s(v)) so that
Py & pg, - either Proposition 9(ii) or Proposition 9(iii) apply. Again
(31) d(u) (p, N pgy) d(v) (6,0 pgy) d(w)

where by the dual of Proposition 9 p, N pg;, 0, N pg € [pegs> Ps]- By the
induction hypothesis we can show that there exists a ¢ € F,(U) such that

(32) d(u) (0, Npg) g (pyNpg) d(w).
We let y € X such that
(33) du)=dw)=y

and from (32) we now have that

(34) (rdw)’ (8, N p)/ Per 00" (P, N gy )/ Peg d(w))° .
From Theorem 5.4 of [2] we have from (34) that

(35) u = u(yd(u))’ 0/pcg u(yq) " Zw(vq) /)/pCR w(yd(w)’ =w.

Assume first that p, N pSL ping and h(u) = h(w). We have that p,\g/p
is the #-relation on F,(U)/p by Proposition 9. From (35) and Proposition
10 we then have that

(36) (u(yq)")° P/Pcr (w(yq)’)’,
whence

(37) '(v9)’ p/per (ra)") wya).
From (35), (37), Theorem 5.4 of [2] and the fact that
(38) UP/peg ¥ 0/peg W

we find that

u(ya)” () peg) V (0/peg)) N 7)) (u(va)")’ w(yq)’
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in F,(CR). By Proposition 2(ii) it now follows that there exists a ¢ € F, (U)
such that

(39) u(yg)’ 0/pcr t P/Pcr (w(a)) w(ye).

From (35), (37) and (39) we then have that u 6 ¢t p w.

Assume next that p, N pg = pg; and h(u) # h(w). Then pg /p is the %-
relation on F,(U)/p by Proposition 9 and from (35) we may again conclude
that (36) and (37) hold. Therefore we obtain as above that there exists ¢ €
F,(U) suchthat u 6t pw.

If h(v) # h(w), then pg /6 is the #-relation on F,(U)/6 by Proposition
9 and (395), and it follows that

(40) w(a)")’ 0/peg (w(ya)")’,
whence
(41) u(yq)’ 0/peg (wra)") u(ya)’.

From (35), (38), (41) and Theorem 5.4 of [2] we thus have that

W) ua)’ (p/peg) V (0] per)) N ) w(vg)°

in F,(CR). By Proposition 2(ii) it now follows that there exists a ¢ € F, (U)
such that

(42) (w(ya)) uwa)’ 0/peg t P/Peg W(ra)’ .

From (35), (41) and (42) we infer that u 6 ¢t p w.
By Proposition 9 the proof for Case 2 is now complete.

Case 3. s(u) # s(v), d(u) # d(v). The existence of a ¢ € F,(U) such that
u 6t pw is guaranteed by Lemma 12.

Case 4. 5(u) #5(v), d(v)+#d(w). By Lemma 13 there exists € F,(U) such
that u 6t pw.

Remaining cases. The proof for the remaining cases follows from the proof for
Cases 1-4 or their duals.

By the induction hypothesis the statement (7, ) holds true for every k > 1
and the proof is complete.

Corollary 15. .Z(CR) is arguesian.

Proof. By Theorem 14 and [9] the sublattice [SL, CR] of .2(CR) is arguesian.
By Proposition 3.5 of [7], SL is a neutral element in Z(CR), so that .#(CR)
is a subdirect product of [SL, CR] and the two element lattice [T, SL]. It
follows that .#”(CR) is arguesian.

Remark 16. From [1] or [4] or [5] it follows that the lattice .#°(B) of all band
varieties is distributive. From [18] we know that B is a neutral element in
Z(CR) so that #(CR) is a subdirect product of [B, CR] and .#(B). Now
[B, CR] is arguesian by Proposition 8. Thus the fact that .2(CR) is arguesian
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follows from Proposition 8 and the results of [1, 4, 5] and the fact that B is
neutral in .Z(CR).

Remark 17. In [6], Haiman established an infinite sequence of identities satis-
fied by linear lattices (i.e. lattices representable by commuting equivalences) but
not by all arguesian lattices. From our results it follows that . (CR) satisfies
all these identities.

Problem. Theorem 4 and Theorem 14 support the following conjecture: if S is
a completely regular semigroup, & the least semilattice congruence on S and

p,0

fully invariant congruences on S such that p, § C &, then pof =6op.
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